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Abstract
Let T be a tree and m be a positive integer. The leaf degree of a vertex x∈V (G) is de-
.ned as the number of end-vertices in T adjacent to x, and it is denoted by leaf Tx. (If x is an
end-vertex of T with at least three vertices, then leaf Tx=0.) We prove that a connected graph G
has a spanning tree T such that for any vertex x of T , leaf Tx6m if and only if for every
nonempty subset S of V (G), the number of isolated vertices of G − S does not exceed
(m+ 1)|S| − 1. ? 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
In this paper, we discuss .nite undirected graphs with neither loops nor multiple
edges. Let G be a graph. We denote by V (G) and E(G) the vertex set and the edge
set of G, respectively. Let S be a subset of V (G). Denote by G[S] the subgraph of
G induced by the vertex set S, i.e., the graph having vertex set S and whose edge set
consists of those edges of G incident with two elements of S. (If S is a subgraph of
G, then we simply write G[S] for G[V (S)].) Let K1;m be the star with m end-vertices.
A {K1; i | 16 i6m}—factor F of G is a spanning subgraph of G such that each
component of F is isomorphic to K1; i for some i, 16 i6m. Let i(G) be the number
of isolated vertices of G.
In [1], Amahashi and Kano proved the following theorem.
Theorem A (Amahashi and Kano [1]). Let G be a graph and m be an integer such
that m¿ 2. Then G has a {K1; i | 16 i6m}—factor if and only if for every subset
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S of V (G);
i(G − S)6m|S|:
Let T be a tree. The leaf degree of a vertex x∈V (T ) is de.ned as the number of
end-vertices in T adjacent to x, and it is denoted by leaf Tx. (If x is an end-vertex of
T with at least three vertices, then leaf Tx=0.) The maximum leaf degree of G is the
maximum leaf degree among the vertices of G. A graph H is said to be a triangle-tree
if it satis.es the following conditions:
(i) H is connected and every cycle of H , if any, is K3, i.e., every block of H is an
edge or a cycle with three vertices.
(ii) No two cycles of H have a vertex in common.
Note that a tree is also a triangle-tree.
The purpose of this paper is to prove the following necessary and suHcient condition
for a connected graph to have a spanning tree T with maximum leaf degree at most m.
Theorem 1. Let G be a connected graph and m be a positive integer. Then G has
a spanning tree T with maximum leaf degree at most m if and only if for every
nonempty subset S of V (G);
i(G − S)6 (m+ 1)|S| − 1:
2. Proof of Theorem 1
Let T be a spanning tree T such that leaf Tx6m for any vertex x of T . Assume, to
the contrary, that there exists a nonempty subset S of V (G) such that i(G−S)¿ (m+
1)|S|. Thus let A be a set of isolated vertices of G−S such that |A|¿ (m+1)|S|. Note
that every edge incident to a vertex in A must be incident to some vertex in S. Let W
be the set of those vertices in A whose degree in T is at least two. Obviously, every
edge in T incident to a vertex in W must be incident to some vertex in S. Thus, since
the maximum leaf degree of T is at most m, we have |W |¿ |S|. Since leaf Tx¿ 2 for
any vertex x in W , we see that T [W ∪ S] has at least 2|W | edges. Since |W |¿ |S|,
we know that T [W ∪ S] has at least |W |+ |S| edges, which implies that T [W ∪ S] has
a cycle, a contradiction. This establishes the necessity.
Thus, m|S|¿ |A−W |= |A| − |W |¿ (m+ 1)|S| − |W | by |A|¿ (m+ 1)|S| and we
have |W |¿ |S|. Since the degree of any vertex in W is at least two in the tree T , we
see that T [W ∪ S] has at least 2|W | edges. Since |W |¿ |S|.
Next, we consider the suHciency. Let W and X be subgraphs in G (possibly V (W )=
∅ or V (X ) = ∅). Then a pair (W;X ) is called an m-admissible pair of G if it satis.es
the following conditions:
(i) V (W ) ∩ V (X ) = ∅ and V (W ) ∪ V (X ) = V (G).
(ii) Each component of X is isomorphic to K1;m+1.
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(iii) |V (R)|¿ 2 for each component R of W .
(iv) If m¿ 2, then each component of W is a tree with maximum leaf degree at most
m.
(v) If m = 1, then each component of W is a triangle-tree H with maximum leaf
degree at most one such that leafHz = 0 for any vertex z contained in a cycle C
(i.e., K3) in H .
First, we show the existence of an m-admissible pair of G. Since for every nonempty
subset S of V (G), i(G− S)6 (m+1)|S|− 1¡ (m+1)|S|, it follows from Theorem A
that G has a {K1; i | 16 i6m+1}—factor F . Let W be the set of all components K1; j
of F such that 16 j6m. Set X =F−V (W ). Clearly, a pair (W;X ) is an m-admissible
pair of G.
Among all m-admissible pairs of G, let (W;X ) be one such that |V (W )| is as large
as possible. We claim that W is a spanning subgraph of G, i.e., V (X ) = ∅. Suppose,
to the contrary, that V (X ) 	= ∅. Let C1; C2; : : : ; Ck be the components of X , where Ci
is isomorphic to the star K1;m+1 for all i, 16 i6 k. Let si be the center of the star
Ci and let S = {s1; s2; : : : ; sk}. Hence X − S consists of (m+ 1)k isolated vertices. By
the assumption, we have i(G − S)6 (m + 1)k − 1. Therefore, it follows that in G
there is an edge joining a vertex x of X − S, say x∈V (C1) − s1, to a vertex y of
W ∪ (X − (S ∪ {x})).
If the vertex y belongs to some component R of W , then R∪ xy ∪C1 is a tree or a
triangle-tree with maximum leaf degree at most m. Set H =R∪ xy∪C1. Since the pair
(W;X ) is an m-admissible pair of G, if H is a triangle-tree, then by the assumption,
leaf Rz = 0 for any vertex z contained in a cycle C in R, so that leafHz = 0 for any
vertex z contained in a cycle C in H . Set W ′ = W ∪ xy ∪ C1 and X ′ = X − V (C1).
Obviously, the pair (W ′; X ′) is an m-admissible pair of G such that |V (W )|¡ |V (W ′)|,
which contradicts the maximal property of W .
Thus the vertex y belongs to X − (S∪{x}). If y∈V (Ci) for some i, 26 i6 k, then
C1∪ xy∪Ci is a tree with maximum leaf degree at most m. Set W ′=W ∪C1∪ xy∪Ci
and X ′ = X − (V (C1) ∪ V (Ci)). Again the pair (W ′; X ′) is an m-admissible pair of G
such that |V (W )|¡ |V (W ′)|, which contradicts the maximal property of W .
Hence, we see that y∈V (C1)− {x; s1}. If m¿ 2, then C1 ∪ xy − xs1 is a tree with
maximum leaf degree at most m and set H = C1 ∪ xy− xs1. If m= 1, then C1 ∪ xy is
a cycle with three vertices and set H = C1 ∪ xy. In either case, set W ′ =W ∪ H and
X ′ = X − V (C1). It is easy to check that the pair (W ′; X ′) is an m-admissible pair of
G such that |V (W )|¡ |V (W ′)|, which contradicts the maximal property of W . Thus
V (X ) = ∅ and W is a spanning subgraph of G, as claimed.
If m¿ 2, then since G is connected, it is easy to see that W , together with suitable
edges of G, form a spanning tree of G whose maximum leaf degree is at most m. If
m=1, then by the same argument we obtain a spanning triangle-tree H with maximum
leaf degree at most one such that leafHz = 0 for any vertex z contained in a cycle C
(i.e., K3) in H . By deleting a suitable edge from each cycle of H , we can obtain a
spanning tree of G whose maximum leaf degree is (at most) one.
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This completes the proof of Theorem 1.
3. Concluding remarks
Let T be a tree and let u and v be two vertices in T . Denote by END(T ) the set of
all end-vertices of T . Denote by dT(u; v) the length of the path joining u to v in T .
Set
lr(T ) = min{dT(u; v): u∈END(T ); v∈END(T ); u 	= v}:
lr(T ) is called the leaf radius of T . For example, if T is a tree with at least three
vertices, then lr(T ) = 2 when the maximum leaf degree of T is at least two, and
lr(T )¿ 3 when the maximum leaf degree of T is at most one. On the other hand, let
K(1); K(2); : : : ; K(k) be k disjoint copies of the complete graph Kd=2 and K(k + 1) be
a copy of the complete graph Kd=2−1. Take a new vertex x and join x to all vertices
of
K(1) ∪ K(2) ∪ · · · ∪ K(k + 1):
Denote the resulting graph by H (d). It is easy to check that lr(T )6d− 1 for every
spanning tree T of H (d) and that there is a spanning tree of H (d) where equality
holds. Let vi be a vertex of K(i); 16 i6 k + 1. Set S = V (H (d))− {v1; v2; : : : ; vk+1},
so that |S| = (k + 1)(d2 − 1). Since {v1; v2; : : : ; vk+1} is an independent set of H (d),
i(H (d)−S)= |{v1; v2; : : : ; vk+1}|=k+1= |S|=(d=2)−1=2|S|=d−2. Thus the condition
in the following conjecture is in some sense the best possible.
Conjecture B. Let G be a connected graph and d be an integer such that d¿ 4. If
for every nonempty subset S of V (G)
i(G − S)¡ 2|S|
d− 2 ;
then G has a spanning tree T such that the leaf radius of T is at least d.
Notice that by Theorem 1 the statement is true for the case d= 3.
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